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Resonant Spin and Charge Hall Effects in 2D Electron Gas with Unequal Rashba and
Dresselhaus Spin-Orbit Couplings under a Perpendicular Magnetic Field
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We have investigated the complex two-dimensional electron system with unequal Rashba and
Dresselhaus spin-orbit interactions in the presence of a perpendicular magnetic field. The spin
polarizations are obtained in a wide range of magnetic fields. It is shown that such a system is
hard to be magnetized. We also find that the resonant charge and spin Hall conductances occurs
simultaneously at a certain magnetic field, at which two (nearly) degenerate Landau levels are filled
partly. The resonant Hall effects are universal in this type of semiconductor materials, and could
have potential application for semiconductor spintronics.
PACS numbers: 72.20.My, 73.63.Hs, 75.47.-m
The spin Hall effect in two-dimensional electron gases
(2DEG) has been the focus of theoretical and experi-
mental investigations in the condensed matter commu-
nity due to its potential application in designing quan-
tum devices [1-6]. Such an effect is usually generated by
the Rashba or Dresselhaus spin-orbit coupling in semi-
conductor materials [7,8,9]. In Ref. [10], Shen et al.
discovered an interesting resonant spin Hall conductance
in 2DEG with the Rashba spin-orbit coupling in the pres-
ence of a perpendicular magnetic field due to the cross-
ing of two nearest neighbor Landau levels. The resonant
phenomenon could be observed only if this degeneracy
happens at the Fermi level. We note there are a lot of
semiconductor materials possessing simultaneously the
Rashba and Dresselhaus spin-orbit interactions, which
originate from the lack of structure and bulk inversion
symmetries [7,8], respectively. Therefore, the competi-
tion among the Rashba and Dresselhaus spin-orbit cou-
plings and the Zeeman energy leads to a complex en-
ergy spectrum [11], which could produce novel physical
properties in such the materials. The eigenfunctions as-
sociated with the Landau levels are infinite series, distin-
guishing from those with finite terms for the pure Rashba
or Dresselhaus spin-orbit system. In Ref. [12], we calcu-
lated the transport properties of the special 2DEG with
equal Rashba and Dresselhaus couplings, which possesses
an equal-distant-like energy spectrum. The resonant spin
Hall effect and accompanying resonant charge Hall effect
also exhibit near the crossing between the nearest neigh-
bor Landau levels. However, the most complex 2DEG
with unequal Rashba and Dresselhaus couplings is not
investigated up to now. In this work, we study the trans-
port properties of this 2DEG, so that such semiconductor
materials can be understood thoroughly.
The Hamiltonian for a single electron with spin- 1
2
in a
plane under a perpendicular magnetic field is described
by
H =
1
2m∗
Π2 − 1
2
gsµBBσz +
α
~
(σyΠx − σxΠy)
+
β
~
(σxΠx − σyΠy), (1)
where Π = p + e
c
A, σi(i = x, y, z) are the Pauli ma-
trices for electron spin, gs is the Lande g-factor, µB is
the Bohr magneton, α and β represent the Rashba and
the Dresselhaus spin-orbit couplings, respectively. Here
we have chosen the Landau guage A = yBxˆ. Because
[px, H ] = 0, px = k is a good quantum number.
The Hamiltonian (1) with a pure Rashba coupling (i.e.
β = 0) was solved by Rashba over fifty years ago [7].
The Landau levels of 2DEG with a pure Dresselhaus
coupling (i.e. α = 0) can be obtained by the unitary
transformation σx → σy, σy → σx and σz → −σz,
which maps a 2DEG with Rashba coupling α, Dres-
selhaus coupling β, and Lande g-factor gs to a 2DEG
with Rashba coupling β, Dresselhaus coupling α, and
Lande g-factor −gs [13,14]. When the Rashba and Dres-
selhaus couplings coexist, the Hamiltonian (1) becomes
Extremely complicated and its exact solution had been
not obtained for a long time. Fortunately, the eigen-
value problem was solved by using unitary transforma-
tions and introducing two bosonic annihilation operators
bkσ =
1√
2lc
[y + c
eB
(k + ipy) +
√
2|aRaD|uσ] and the cor-
responding creation operators b†kσ = (bkσ)
†, with the cy-
clotron radius lc =
√
~c
eB
, aR =
αm∗lc
~2
, aD =
βm∗lc
~2
, uσ =
√
2
2
σ[1 − isgn(αβ)], and the orbital index σ = ±1 [11].
Different from the pure Rashba or Dresselhaus coupling
case, the orbital space of electrons is divided into two
independent infinite-dimensional subspaces described by
the occupied number representations Γσ associated with
bkσ and b
†
kσ. Then the Hamiltonian (1) can be rewritten
as H = H−1 ⊕H1, where Hσ is the sub-Hamiltonian in
2Γσ. The eigenstates for the Hamiltonian (1) can be ex-
pressed as an infinite series in terms of the free Landau
levels φmkσ (i.e. b
†
kσφmkσ =
√
m+ 1φm+1kσ , bkσφmkσ =√
mφm−1kσ and < φm′kσ′ |φmkσ >= δmm′δσσ′) in each Γσ
and the physical parameters. Now the exact solution of
the Hamiltonian (1) has been popularly accepted [14,15].
We note that the Rashba coupling α can be adjusted by
a gate voltage perpendicular to the 2DEG plane [16,17].
Therefore, in experiments, an arbitrary ratio of two kinds
of spin-orbit couplings can be obtained in different sam-
ples by changing the gate voltage. The relative strength
of the Rashba and Dresselhaus couplings can be extracted
from the photocurrent measurements [18,19]. Usually the
coefficients α and β have the same order of magnitude in
quantum wells such as GaAs while in narrow gap com-
pounds such as InAs, α dominates [16-19].
When |β| = ρ|α|, the eigenvalue for the nth Landau
level with the spin index s and the orbital index σ is
given by Ens = ~ωǫns [11], where ω =
eB
m∗c
and
ǫns = n− ρ[2ρa
2
R(1−∆2ns)− g∆ns]
1− ρ2∆2ns
+
1
2
(−1)s
×
√
[1− 4ρa
2
R(1 − ρ2)∆ns + g(1 + ρ2∆2ns)
1− ρ2∆2ns
]2 + 8na2R(1− ρ)2.
(2)
Here the spin index s = 0, 1 for n 6= 0 while s = 0 for
n = 0, g = gsm
∗
2me
, and the energy level parameter ∆ns is
determined by the following equation
{(1−ρ)[2(1+ρ)(1−ρ∆2ns)−
g∆ns
a2R
][ǫns−n− 1
2
+a2R(1+ρ
2)]
+(1 + ∆ns)(1 − ρ∆ns)(1 − ρ2 − g
2a2R
)}√ρ|aR| = 0. (3)
Obviously, when ρ = 0, the eigenvalue (2) is nothing but
that in 2DEG with pure Rashba spin-orbit interaction [7].
If ρ = 1, the energy difference En0 − En1 is independent
of n, which means that the energy spectrum has an equal-
distant-like structure.
The corresponding eigenstate is
|nksσ >= 1Nnsσ
+∞∑
m=0
(
1
√
ρ∆nsT
∗
σ
−√ρ∆nsTσ 1
)
×
(
αnσms
Tσβ
nσ
ms
)
umσ φmkσ , (4)
where Nnsσ is the normalized constant, |Nnsσ|2 =
(1 + ρ∆2ns)
∑∞
m=0(|αnσms|2 + |βnσms|2), Tσ =
√
2
2
σ(sgnaD +
isgnaR), and the components α
nσ
ms and β
nσ
ms satisfy
αnσns =
√
2n|aR|Cns(Cns − Bns)
CnsDns(ǫns − n− λ) + Cnsζns + ρAnsηnsβ
nσ
n−1s,
βnσns =
BnsDns(ǫns − n− λ+ 1) + Bnsζns + ρAnsηns√
2n|aR|Bns(Bns − Cns)
αnσn−1s
(5)
at m = n 6= 0, and
( √
2mρ|aR|Ans(Cns − Bns)
√
2m|aR|Cns(Cns − Bns)
−BnsDns(ǫns −m− λ+ 1)− Bnsζns − ρAnsηns √ρ[AnsDns(ǫns −m− λ+ 1)−Ansζns + Bnsηns]
)(
αnσm−1s
βnσm−1s
)
=
( CnsDns(ǫns −m− λ) + Cnsζns + ρAnsηns −√ρ[AnsDns(ǫns −m− λ)−Ansζns + Cnsηns]√
2mρ|aR|Ans(Cns − Bns)
√
2m|aR|Bns(Cns − Bns)
)(
αnσms
βnσms
)
, (6)
at m 6= n and m = n = 0. Here, we have defined Ans =
(1−∆ns)(1−ρ∆ns), Bns = ρ(1−∆2ns), Cns = 1−ρ2∆2ns,
Dns = 1+ ρ∆2ns, ζns = 12g(1− ρ∆2ns) + 4ρa2R(1 + ρ)∆ns,
ηns = 2a
2
R(1 + ρ)(1− ρ∆2ns)− g∆ns, and λ = 2ρa2R + 12 .
Note that αnσ−1s = β
nσ
−1s = 0. When m → +∞, αnσms =
βnσms = 0.
Solving Eqs. (2) and (3), we can obtain the energy
level parameter ∆ns and the corresponding Landau level
Ens at arbitrary magnetic field. In our calculations, we
have chosen the typical material parameters ρ = 0.5,
α = 4.0 × 10−11 eVm, ne = 1.9 × 1016/m2, gs = 4,
and m∗ = 0.05me [18,19]. In Fig. 1(a), we plot the
Landau levels (n ≤ 12) as a function of inverse magnetic
field 1/B. Obviously, two nearest neighbor energy lev-
els En0 and En+11 have a crossing at a certain magnetic
field. The larger n, the stronger the magnetic field at
the crossing. Fig. 1(b) shows the energy level parameter
∆ns associated with Ens. We note that ∆n1(n > 0) and
∆00 vary slowly with increasing 1/B while ∆n0(n > 0)
has a sharp change. When 1/B → 0, ∆n0 = −1.1298
and ∆n1 = 1.1298. Interestingly, the curves of ∆ns with
n > 0 meet at a point with a value of 0.9985 when
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FIG. 1: (Color online). (a) Landau energy levels (n ≤ 12)
of an electron as a function of inverse magnetic field 1/B in
the unit of ~ω. The real line and dash line denote s = 0
and s = 1, respectively. (b) The corresponding energy level
parameters. The material parameters used are ρ = 0.5, α =
4.0× 10−11eV m, m∗ = 0.05me, and g = 0.1.
1/B ∼ 0.1487T−1.
Substituting ∆ns and Ens into Eqs. (5) and (6), we
get αnσns and β
nσ
ns , i.e. the eigenstates (4) for the com-
plex 2DEG with ρ = 0.5 in a wide range of magnetic
fields. Then the expectation value of spin polarization
per electron in this system is
Sz =
~
4ν
∑
nmsσ
|aR|f(Ens)
|Nnsσ|2 {(1− ρ∆
2
ns)(|αnσms|2 − |βnσms|2)
+2
√
ρ∆ns[α
nσ
ms(β
nσ
ms)
∗ + βnσms(α
nσ
ms)
∗]}, (7)
where ν is the filling factor and f(x) is the Fermi dis-
tribution function. The first term of the expression of
Sz is the contribution by both Rashba and Dresselhaus
spin-orbit couplings while the second one is due to the
coexistence of them, which plays a crucial role in the
magnetization of this 2DEG. In Fig. 2(a), we present
the curve of spin polarization Sz with increasing the in-
verse magnetic field at zero temperature. Because the
Rashba and Dresselhaus spin-orbit interactions have dif-
ferent symmetries and compete with the Zeeman energy,
this 2DEG has a complex magnetization behavior, shown
in Fig. 2(a). We note that when 1/B → 0, Sz ∼ −0.28~.
Therefore, such a system is hard to be magnetized.
In order to calculate the spin and charge transport
properties in the 2DEG, we apply a small electric field
E along the y axis. So an electron acquires an extra
potential energy H ′ = eEy, which can be treated as a
perturbation term. The operator y can be expressed in
terms of the bosonic operators bσ and b
†
σ in each subspace
Γσ, i.e. y =
√
2
2
lc(b
†
kσ + bkσ) − ckeB −
√
2ρ|aR|uσ. The
charge current operator of a single electron in Γσ reads
jcσ = −evxσ while the corresponding out of plane spin
current operator in Γσ is jszσ =
~
4
(σzvxσ+ vxσσz). Here,
the electron velocity in Γσ along x axis vxσ =
1
i~
[x,Hσ +
H ′σ] =
~√
2m∗lc
[b†kσ + bkσ +
√
2|aR|(sgnασy + ρsgnβσx −√
ρσ
lc
)]. Up to the first order in the electric field E in the
expectation value of the spin or charge current operator,
the spin or charge Hall conductance, i.e. the coefficient
of the linear term, can be expressed as [10]
Gsz ,c =
1
E
∑
nn′kss′σ
(H ′σ)
n′ks′σ
nksσ (jszσ,cσ)
nksσ
n′ks′σ
Ens − En′s′ f(Ens)+h.c.,
(8)
where the matrix elements (H ′σ)
n′ks′σ
nksσ =<
n′ks′σ|H ′σ|nksσ >, (jszσ)n
′ks′σ
nksσ =< n
′ks′σ|jszσ|nksσ >,
and (jcσ)
n′ks′σ
nksσ =< n
′ks′σ|jcσ|nksσ > can be obtained
by using the eigenvalue (2), the energy level parameter
(3), and the eigenstate (4). Obviously, Gsz ang Gc
are highly nonlinear functions in terms of the material
parameters ρ, |aR|, g, and the magnetic field B, which
reveal complex transport characteristics in this system.
After a tedious but straight calculation we depict the
curves of Gsz and Gc as a function of 1/B at zero temper-
ature in Figs. 2(b) and 2(c), respectively. It is clear that
Gsz and Gc possess simultaneously a resonant peak at
near Bc ∼ (1/0.13)T , at which the Landau levels E40 and
E51 cross. When B → (1/0.115)T , the electrons begin to
fill the energy level E51, and Gsz and Gc sharply increase.
However, at Bc, E40 and E51 are filled fully while E61 is
filled partly, and Gsz and Gc decrease rapidly. There-
fore, the resonant spin and charge Hall conductances are
produced by filling partly two nearest neighbor Landau
levels near their crossing point. Such resonant phenom-
ena also happen in the 2DEG with pure Rashba or equal
Rashba and Dresselhaus spin-orbit coupling [10,12].
In summary, we have calculated the spin polarization,
spin and charge Hall conductances in 2DEG in the pres-
ence of unequal Rashba and Dresselhaus spin-orbit in-
teractions under a perpendicular magnetic field by em-
ploying the exact solution for the Hamiltonian (1). The
coexistence of the resonant spin and charge Hall effects
appears at the vicinity of the crossing point of two near-
est neighbor Landau levels, which are not filled fully by
electrons. We also note that the spin polarization and
both Hall conductances are determined only by the mag-
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FIG. 2: SZ (unit: ~/2), Gsz and Gc as a function of 1/B
at zero temperature. Here the electron density ne = 1.9 ×
1016m−2 and the other physical parameters are same with
those in Fig. 1.
nitudes of the spin-orbit couplings α and β and are inde-
pendent of their signs. It is expected that these resonant
phenomena could have potential application for semicon-
ductor spintronics.
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